On the utility and implication of convex 
b>' effective potential for the Higgs particles 

Jifeng Yang 
^ ! Department of Physics 



(N 



Ph! 



X 



and 
School of Management 



en 

> ; Fudan University, Shanghai, 200433, P. R. China 

^ : February 7, 2008 

(N 

O 
(^ 
On ' Abstract 



It is suggested that from an alternative point of view, the convex 
, fuh effective potential (EFP) might also be useful. A convex EFP 

Q I with spontaneous symmetry breaking (SSB) make the Higgs modes 

r^ • (elementary or effective) complicated in that the normal final states 

(experimentally identifiable) for Higgs modes could not be analytically 
defined. This observation might have some nontrivial consequences for 
;J! ' the Standard Model (SM) and particle physics. 
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It is known that the Higgs sector effecting SSB of the flavor symmetry has 
been a quite complicated part of the SM inspite that SM has been deemed 
as well established by the community of high energy physics (HEP)|]l[]. To 
further understand the SM and physics beyond SM, sufficient investigations 
on the SSB and the Higgs sector or its equivalent should be made. There 
can be found a number of attempts heading for a deeper understanding of 



the complicated Higgs sector. There is even modehng work trying to provide 
masses for intermediate gauge bosons without introducing Higgs model 0. 

In this note, we attempt to suggest another aspect of the SSB effected 
through scalar fields. We will adopt the effective potential (EFP) approach 
[|] which is well known as a useful tool for studying SSB 0]. 

Before starting our main arguments, we need to make some remarks on 
the EFP that is also known as the generating functional for one-particle- 
irreducible(lPI) Green function(Gf)s ||^. 

It is known that the full EFP is real and convex for any QFT within which 
it can be consistently defined P . However, due to UV divergences, one might 
wonder if renormalization could violate the convexity and there has been a 
lot of literature investigating this impact [^ . We will follow the standard 
point of view that renormalization would not affect the convexity provided it 
is appropriately done [0. In fact, if one would adopt the underlying theory 
approach recently proposed by the author to deal with the unphysical UV 
infinities |§], the convexity would naturally follow from that given by the 
postulated well defined underlying theory or equivalently from the consistent 
definitions of the radiatively arised constants (the explicit demonstration of 
this point will be given in a more detailed report 0). 

In practical calculations people often arrive at nonconvex and/or complex 
effective potentials, which seems to be in conflict with the above assertion. 
This issue has been discussed in literature [|y, |^. The solution lies in that 



the full EFP is complex where it is nonconvex. The imaginary part in fact 
arises if one starts from perturbative framework of the EFP where the pa- 
rameters (masses, couplings,etc.) are first defined with nonconvex lagrangian 
potential, or, the EFP is defined in such kind of formulation that the field 
configurations (or states) there defined are not all stable ones indicated by 
the imaginary part. It is shown by Weinberg and Wu |iy] that this imagi- 



nary part multiplied with the space volume is half the decay constant of the 
unstable modes. Conventionally it is held that the convex EFP is not the 
physically interested one. In the case of the nonconvex lagrangian potential, 
it is the orthodox point of view that the field parameters are not expectation 
values of localized (homogeneous) states but that of superposition of distinct 
states, i.e., the convex EFP is not given by homogeneous states everywhere 

In this note, however, we follow a somewhat unorthodox line of argument. 
It is known that the Landau model (nonconvex potential) is an effective phe- 



noinenological model, not the genuine formulation of the true physics. This 
formulation is quite economic-merely a few coefficients of the polynomial 
potential in terms of the order parameter are given. Then there are some 
ingredients in this simplified model that are not thermodynamically stable. 
Similar things happen in the van der Waals theory which is also an effec- 
tive formulation. Now we ask the following question: what will the more 
complete (not just effective) and thermodynamically stable formulations of 
the phenomena effectively described by the Landau model and the van der 
Waals model look like? First, it will certainly be more complicated than the 
effective ones in that it can not be simply given by the polynomial in terms 
of certain phenomenological parameters. Second, no thermodynamically un- 
stable modes or ingredients should be inherent in the complete formulations. 
Third, since the complete formulations is strictly thermodynamically sta- 
ble, the complete thermodynamical potentials must be convex |]T2|, in other 
words, the complete formulations should naturally yield convex thermody- 
namical potentials in terms of thermodynamically stable parameters. For 
quantum field theory case, referring to Weinberg and Wu's discussion |10|] , 
it is natural to ask what are the final outcome of the decay indicated by 
the imaginary part we mentioned above? For the decay to stop and for the 
imaginary part to vanish, the final outcome will be necessarily described by a 
real and convex EFP defined in terms of stable states or field configurations. 
In other words, if one could reformulate the theory with stable modes and 
states, there should be no imaginary part and nonconvex shape for the EFP 
at all, and there is of course no obstacle to interpret this EFP as minimum 
energy densities for homogeneous field configurations in contrast to the con- 
ventional formulation with unstable states inherent there. Thus, following 
the above unorthodox argument, one does not need to resort to the superpo- 
sition of two 'distinct ' states to understand the flat bottom of the EFP given 
in stable modes or field configurations. 

In thermodynamics Maxwell construction procedure |TB[ serves to remove 



the thermodynamically unstable ingredients from the van der Waals formu- 
lation, and the resulting formulation is only made up of thermodynamically 
stable modes and describes thermodynamics faithfully. The legendre trans- 
form plays the same role in QFT-removing the unstable ingredients domi- 
nated if any and leading to a formulation with only quantum mechanically 
stable states or modes. For a formulation without original unstable modes 
(e.g., there is no nonconvex part in the lagrangian) the legendre transform 



will not alter the contents at all and just pick out the IPI Gfs trivially. How- 
ever, for the same phenomenon both the original 'unstable' formulation and 
the 'stable' one should, after legendre transform, be physically the same and 
the convexity and reality of the EFPs follows automatically. 

There remains one issue to be addressed, the meaning of the flat bottom. 
Since the EFP by definition should have taken in all the quantum effects to 
define the generating functions of the IPI correlation functions for a QFT, 
this region is in fact dynamically isolated from all the other part of the field 
configuration space where the EFP is not fiat. (It is such a strange region 
that each point is quantum mechanically isolated from the other points ex- 
cept they are related by symmetry.) That means the fiat region is physically 
forbidden, or the nontrivial physical phenomenon could in effect be mean- 
ingful only beyond this region. This is a bit different from the orthodoxical 
point of view that the convex EFP is not infromative about the quantum the- 



ory in this flat bottom region, but the effective action is [|n|]. We wish to 
suggest that we could extract consistent information from the convex EFP 
in the case with flat segement in EFP provided we treat it in an alternative 
point of view. It is also in accord with the spirit of the use of the vacuum 
manifold in string and SUSY literature. 

Hence, to get a real and convex EFP for the full quantum theory, the 
theory should be formulated in terms of stable field configurations and states. 
How to find such states or equivalently the appropriate parameters? It is a 
demanding job to find such a formulation, especially for the Higgs physics 
that interests us. For our purpose here, we only need to assume here that 
we CAN formulate the full quantum theory containing scalar sector effecting 
SSB and feeding the gauge fields with masses in terms of well defined effective 
parameters so that all the states and modes are stable. The scalar sector 
will also be named as the Higgs sector (which should be different from the 
conventional one with nonconvex lagrangian potentials [l^). There should 
be no nonconvex part in the lagrangian and the EFP for the Higgs sector 
should be well defined everywhere for homogeneous states. ( There might 
be a fiat segment in the lagrangian where the scalar fields could be viewed 
as 'moduli fields', following the SUSY literature. It would be an interesting 
try to start with a lagrangian potential with fiat bottom and construct its 
quantum theory). 

We wish to point out that even with convex model, the perturbative trun- 
cations and or some nonperturbative approximation of the EFP in practical 



calculations might be nonconvex (however, without imaginary part necessar- 
ily presents as long as the formulation excludes unstable states) while the full 
EFP should always be real and convex, (see Ref. |T^ for an example). Of 
course the formulation in which there are unstable states is not completely 
useless but is DOMINATED by the stable formulation. One can refer to 
the statistical mechanics ||13[ about the case of metastable thermodynamical 
states (of course not most probable states) for an analogue. 

All the above assertions are meaningful only when the EFP approach can 
be consistently defined within a QFT ||Tl|. We remind the reader that we 



will follow the unorthodox point of view elaborated above in the subsequent 
discussions. No arguments in this note are claimed to be firmly established as 
the convexity is conventionally disliked and less trusted. We only wish to add 
to favor the use of the convex EFP in a modified way. We feel that convex 
EFP is a bit more informative about the physics than it is conventionally 
held. 

It suffices for our purpose to focus on the Higgs sector (we will not specify 
the space-time dimension as our arguments here do not depend upon it). 
Then denoting the full EFP by Ueff{4>) for the Higgs sector (whatever kind, 
fundamental or composite, as long as the EFP can be consistently defined 
for the sector and the formulation is free of unstable states or modes ), its 
convexity is expressed by the following inequality, 

d^,d^^U,ffi<P)>0,t,j = l,---,N (1) 

where 0(= {(pi)) refers to the vacuum expectation values of the scalar fields 
as a vector in the N-fiavor space in the Higgs model whose fiavor symmetry 
is spontaneously broken. (Note that from now on all the parameters refer 
to those with which the formulation of the theory is free of unstable states) 
That is, Ueff{(p) is invariant under the action of the symmetry group G flavor 
while the vacuum state |0) is not, 

U{g)\0)^\0),geGfiavor (2) 

with U{g) denoting the unitary representation of the group G flavor in QFT 
and (pvac = (O|0|O)(7^ 0) minimizes Ueff{(t>): 

d^^U,ffi<P) = 0, 9^.9^,f/.//(</)) > (3) 



in a small neighborhood of 0mc, or equivalently 

f/e//(0) > t/e//(0.ac), V0 (4) 

while the degeneracy of the vacuum states indicates the existence of Gold- 



stone modes 16 



Now combining Eqs. (3), (4) and (1), it is easy to see that the EFP must 
have a flat bottom, i.e., 

U,ff{<P) = U,ffi<P,ac), V0 e A := {0 : 101 < \<P,J}. (5) 

Then obviously, 

T,,..,„:=d^^^---d^^^U,ff{^)^0, Vn>l,0GA°:={0:|0|<|0,,,|} (6) 

while rj^...j^ could not vanish identically when does not belong to the set 
A'^-including the vacuum state. Since we know that at least at the classical 
limit the EFP should have a positive two-point IPI Gf-the would-be effective 
mass, then there must be an index in such that d'i Ueff > 0. This 

fact in turn implies that the higher order(> 3) derivatives of the EFP with 
respect to can NOT be analytical functions at the vacuum state. Thus we 
arrive at 

Proposition I The full effective potential for Higgs model effecting SSB 
could not be expanded into analytical Taylor series around the vacuum state 
or any state degenerate with the vacuum. 

Since the EFP is at the same time the IPI Gf generating functional, the 
effective interactions can be found as various partial derivatives of the EFP 
W.R.T. the components of 0. Then it follows immediately that excluding 
the gravitational interaction the sector defined by the set A^ is a totally 
isolated sector in that each state (modulo degeneracy) in this sector is totally 
isolated with any other one (including states beyond A^) due to the absence 
of correlation functions in this sector. The physical vacuum is stable in the 
sense that it is isolated from this strange sector. We do not need to employ 
a nonconvex and approximate EFP to stablize the physical vacuum 
and hence the SM physics. This isolated sector corresponds in fact to the 
aforementioned region of scalar field parameter space where the conventional 
perturbatively defined EFP is nonconvex and complex. Here without the use 
of superposition of localized states and nonconvexity we also arrive at the 
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same stability conclusion of the physical vacuum. In fact we achieved more 
in the stable parameter formulation. Of course SM could not stand on any 
state in this strange sector but only be established on the physical vacuum 
state (pyac that could not transit into the A^ sector. 

Back to our main track, from Proposition I and the discussions above, we 
can not obtain the following Taylor expansion: 

Ueff{(j)vac + S(j)) = Ueff{(f)vac) + - (M^(0^^,))ij (50)^(50)^ + R{6(f)) (7) 

with \6(f)\/\(f)^ac\ being sufficiently small, {Mfj{(j)yac))ij ■= d^^d^.Ueff 
and R{- ■ ■) denotes the residual terms that are even smaller comparing to 
the second mass term. The reason is that the effective mass matrix for Higgs 
modes is discontinuous at = (pmc, 

iMU<l>-ac)U^ 0) ^ (Mi(0lJ),,(> 0) (8) 

and hence the residual term in the Taylor expansion is in fact out of control. 
This fact can invalidate any attempt for defining the usual (Fock) scattering 
states that are asymptotically free for Higgs fields in any QFT (with Higgs 
sector) in which the EFP approach is consistent. That is. 

Proposition II The Higgs modes, for which the usual asymptotic 
Fock states can not be defined for the full theory, could not be described 
by the normal particle concept and hence it is not possible to identify them 
experimentally as normal particles like leptons, hadrons, intermediate gauge 
bosons (W+,W-,Z), etc. 

Thus the Higgs modes are quite different from the normal particles or 
field quanta. The Higgs quanta might be identified otherwise or indirectly. 
As this is only an investigation basing on one technical approach, we hope 
the observation here might draw attention to the peculiar aspect of the Higgs 
sector or the scalar sector triggering SSB. Given the recent result of Higgs 
mass range {tjih = llSlgg^GeV^/c^, fl^), we should be reminded of the other 
properties and/or aspects of the SSB in addition to the conventional wisdoms. 
Of course the true detailed properties of the Higgs modes are beyond our 
reach presently. Here we do not attribute the pecularity to the convexity of 
EFP as it is a natural property for any QFT in which EFP can be consistently 
defined in terms of stable states or modes. We feel that it is in fact the SSB 
that makes the Higgs modes so complicated. Of course, it can be implied 
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from the above conclusion that the quantum fluctuations in a QFT with Higgs 
sector would be quite different from the ones without SSB. There must be 
some unknown microscopic dynamical mechanisms that lead to SSB and the 
abnormal "confinement" of Higgs "particles" as well as the appearance of the 
strange A^ subsector. 

It is necessary to emphasize again that since we did not specify the details 
of the Higgs sector, our main results should be applicable to any model 
containing a Higgs sector whether the Higgs fields are elementary or not. We 
also need to note that though the Higgs modes might not show up normally 
they are actively participating all the relevant particle processes and reactions 
in the intermediate stages (the virtual quantum fluctuations). Maybe their 
contributions to the physical world were "appropriated" by the other particles 
that finally come into "our macroscopic sights". 

Before closing we would like to mention that the triviality problem []TB| 
associated with the scalar Higgs model does not affect our arguments here at 
all. This is because we need not here assume that Higgs model as well as SM 
is the true fundamental theory. In fact, in Ref. 0, it is clearly demonstrated 
that given the standard point of view that a well defined fundamental theory 
underlying all the QFTs beset with various unphysical infinities (esp. UV 
divergence) there is a very natural and simple way to calculate radiative cor- 
rections without incurring UV infinities in these QFTs-a substitute for the 
conventional renormalization program with more physical rationality and al- 
most no mathematical absurdity. The main point there is to admit first of 
all that all the theories beset with UV divergence are in fact ill-defined low 
energy effective theories for the sectors of the true underlying one. The so- 
called triviality of a QFT is in fact equivalent to saying that this theory is 
an effective one rather than a fundamental one. That theory is only valid 
below a certain energy scale which can not be taken to UV infinity. However, 
different from the triviality literature, we hold that a so-called trivial theory 
IS nontrivial and hence useful given that one works with physical parame- 
ters (say, external momenta) below the defining energy scale. (For detailed 
discussion, see Ref. [§.) So, a "trivial" theory is quite useful for physical 
purposes, just like any other theory (say, QCD) beset with UV infinities. 

In summary, we suggested a peculiar aspect of the Higgs sector basing 
on a rather general property, i.e., the convexity, of the full effective potential 
of the scalar sector together with the requirement of spontaneous symmetry 
breaking. It seems to be an alternative way of thinking about the Higgs 



physics or even the standard model physics. 
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